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s.2010.08Abstract In this article, differential transform method has been employed to solve special kinds
of systems of integral equations. To illustrate the method three examples of different forms in
this class of functional equations have been prepared. The method for these systems has been
lead to an exact solution. The reliability, effectively, and simplicity of the method are conﬁrmed
by the results of applying the method on the different forms of systems of these kinds of inte-
gral equations.
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The differential transform scheme is a method for solving a
wide range of problems whose mathematical models yield
equations or systems of equations involving algebraic, differ-
ential, integral and integro-differential (e.g. see Chen and
Ho, 1996; Jang et al., 1997; Chen and Ho, 1999; Arikhoglu
and Ozkol, 2006; Arikhoglu and Ozkol, 2007; Ayaz, 2003;





. Production and hosting by Elsev
.015and Eslami, 2010). The concept of the differential transform
was ﬁrst proposed by Zhou (1986), and its main applications
therein is solved both linear and non-linear initial value
problems in electric circuit analysis. This method constructs
an analytical solution in the form of polynomials. It is different
from the high-order Taylor series method, which requires
symbolic computation of the necessary derivatives of the data
functions. The Taylor series method is computationally expan-
sive for large orders. The differential transform is an iterative
procedure for obtaining analytic Taylor series solutions of
differential equations. In recent years the application of
differential transform theory has been appeared in many
researches.
The theory and application of integral equation is an
important subject within applied mathematics. Integral equa-
tions are used as mathematical models for many physical situ-
ations, and integral equations also occur as reformulations of
other mathematical problems such as partial differential equa-
tions and ordinary differential equations. These are motiva-
tions to solve this kind of equations.ier B.V. All rights reserved.
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k1ðx; t; u1ðx; tÞ; . . . uðiÞ1 ðx; tÞ; . . . ;




k2ðx; t; u1ðx; tÞ; . . . uðiÞ1 ðx; tÞ; . . . ;






knðx; t; u1ðx; tÞ; . . . uðiÞ1 ðx; tÞ; . . . ;
unðx; tÞ . . . ; uðiÞn ðx; tÞÞdx ¼ unðx; tÞ:
8>>>>>>><
>>>>>>>:
i ¼ 1 . . . l:
ð1Þ
where ukðx; tÞ; k ¼ 1; . . . n; are n functions to be found, fkðx; tÞ
are given known functions, and kkðx; tÞ are known functions,
called integral kernels.
2. Basic idea of differential transform method
The basic deﬁnitions and fundamental operations of two-
dimensional differential transform are deﬁned in Chen and
Ho (1999). The differential transform of the function uðx; yÞ
is deﬁned as the following
Uðk; hÞ ¼ 1
k!h!





where u x; yð Þ is the original function and U k; hð Þ is the trans-
formed function.







Uðk; hÞðx x0Þkðy y0Þh: ð3Þ
In a real application, and when ðx0; y0Þ are taken as (0,0), then
the function uðx; yÞ is expressed by a ﬁnite series and Eq. (3)












Eq. (4) implies that the concept of two-dimensional differential
transform is derived from two-dimensional Taylor series
expansion. In this study we use the lower case letters to repre-
sent the original functions and upper case letters to stand for
the transformed functions (T-functions).
From the deﬁnitions of Eqs. (2) and (3), it is readily proved
that the transformed functions comply with the following basic
mathematical operations.
The following theorems can be proved easily.
1. If uðx; yÞ ¼ gðx; yÞ  hðx; yÞ; then Uðk; hÞ ¼ Gðk; hÞ
Hðk; hÞ.
2. If uðx; yÞ ¼ kgðx; yÞ, then Uðk; hÞ ¼ kGðk; hÞ, where, k is
a constant.
3. If uðx; yÞ ¼ @g x;yð Þ
@x ; then Uðk; hÞ ¼ ðk þ 1ÞGðk þ 1; hÞ.
4. If uðx; yÞ ¼ @g x;yð Þ
@y ; then Uðk; hÞ ¼ ðhþ 1ÞGðk; hþ 1Þ.
5. If uðx; yÞ ¼ @rþsg x;yð Þ
@xr@ys , thenUðk; hÞ ¼ ðkþ 1Þðkþ 2Þ þ    ðkþ rÞðhþ 1Þðhþ 2Þ
   ðhþ sÞGðkþ r; hþ sÞ:6. If uðx; yÞ ¼ xmyn, then Uðk; hÞ ¼ dðk  m; h nÞ ¼
dðk  mÞdðh nÞ; where

dðkm; h nÞ ¼ 1; k ¼ m; h ¼ n:
o otherwise:7. If uðx; yÞ ¼ gðx; yÞhðx; yÞ; then Uðk; hÞ ¼Pkr¼0Phs¼0Gðr;
h sÞHðk  r; sÞ.









ðr; h s pÞGðt; sÞHðk r t; pÞ:













Fðr; h s p qÞGðt; sÞHðd; qÞ
 Vðk r t d; qÞ:10. If uðx; yÞ ¼ R x
0






s¼0Gðr; h sÞHðk  r  1; sÞ, where k P 1 and
Uð0; hÞ ¼ 0.
11. If uðx; yÞ ¼ R x
0










ðr; h s pÞGðt; sÞHðk r t 1; pÞ;
where kP 1 and Uð0; hÞ ¼ 0.R
12. If uðx; yÞ ¼ x
0














ðr; h s p qÞGðt; sÞHðd; qÞVðk r t d 1; qÞ;
where kP 1 and Uð0; hÞ ¼ 0.3. Numerical case studies
Three examples are presented to demonstrate the procedure of
solving system (1) by differential transform method. The re-
sults reveal that the proposed technique is very effective and
simple and leads to an exact solutions.
Example 1. Consider the following non-linear system of
integral equations (Wazwaz, 2003)uðx; tÞ ¼ xþ ext  R x
0
uvdx;




ð5ÞTaking the differential transform of (5), leads to





























By recursive method, the results are found as follows:
Uð0; 0Þ ¼ 1; Uð0; 1Þ ¼ 1; Uð0; 3Þ ¼  1
6
;
Vð0; 0Þ ¼ 1; Vð0; 1Þ ¼ 1; Vð0; 3Þ ¼ 1
6
;
Uð1; 0Þ ¼ 1; Uð0; 2Þ ¼ 1
2
; Uð1; 1Þ ¼ 1;
Vð1; 0Þ ¼ 1; Vð0; 2Þ ¼ 1
2
; Vð1; 1Þ ¼ 1;
..
.






Uðk; hÞxkth ¼ ð1þ xþ x
2
2
þ   Þ
 ð1 tþ t
2
2






Vðk; hÞxkth ¼ ð1 xþ x
2
2
þ   Þ
 ð1þ tþ t
2
2
þ   Þ ¼ exþt:
Which are exact solutions of Example 1.
Example 2. Consider the following non-linear system of inte-
gral differential equations (Wazwaz, 2003)
uðx; yÞ ¼ 4x 2x2 þ 2x2y2  vþ R x
0
uvxdx;





Eq. (6) is transformed by using theorems 1, 2, 4 and 8 as
follows.







ðk rÞUðr;h sÞVðk r; sÞ;







ðk rÞVðr;h sÞUðk r; sÞ:
Consequently, we ﬁndUð0; 0Þ ¼ 0; Uð0; jÞ ¼ 0; j ¼ 1 . . .1 Uð1; 2Þ ¼ 0;
Vð0; 0Þ ¼ 0; Vð0; jÞ ¼ 0; j ¼ 1 . . .1 Vð1; 2Þ ¼ 0;
Uð1; 0Þ ¼ 2; Uð1; 1Þ ¼ 2; Uð2; 1Þ ¼ 0;
Vð1; 0Þ ¼ 2; Vð1; 1Þ ¼ 2; Vð2; 1Þ ¼ 0;
..
.Therefore (3), the solutions of system of integral differential




Uðk; hÞxkyh ¼ 2xþ 2xy;




Vðk; hÞxkyh ¼ 2x 2xy:
Which are exact solutions.
Example 3. Consider the following system
uðx; yÞ ¼ 2xþ 2y 2x2  4xyþ R x
0
uvxdx;





With the exact solutions uðx; yÞ ¼ 2xþ 2y; vðx; yÞ ¼ 2x 2y
(Wazwaz, 2003).








ðk rÞUðr; h sÞVðk r; sÞ;








ðk rÞVðr; h sÞUðk r; sÞ:Consequently, we ﬁnd
Uð0; 0Þ ¼ 0; Uð0; 1Þ ¼ 2; Uð1; 2Þ ¼ 0;
Vð0; 0Þ ¼ 0; Vð0; 1Þ ¼ 2; Vð1; 2Þ ¼ 0;
Uð1; 0Þ ¼ 2; Uð1; 1Þ ¼ 0; Vð0; jÞ ¼ 0; j ¼ 1 . . .1
Vð1; 0Þ ¼ 2; Vð1; 1Þ ¼ 0; Uð0; jÞ ¼ 0; j ¼ 1 . . .1
..
.
So, the solutions of system (7) are given by




Uðk; hÞxkyh ¼ 2xþ 2y;




Vðk; hÞxkyh ¼ 2x 2y:
In this example, exact solutions are found we have also derived
the exact solutions.4. Conclusion
In this work differential transform method, has been used suc-
cessfully for solving special systems of integral equations. The
results reveal the efﬁciency of this method for solving these sys-
tems. The present method reduces the computational difﬁcul-
ties of other usual methods and the calculations are
manipulated simply. In this paper, the Maple 13 Package, is
used to perform calculations.
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